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Abstract

The purpose of this paper is to present true cost of living indices derived from specific ex-
penditure systems, and specifically from the LES, GLES and DGLES systems. According to
Frisch [2] index numbers are classified into two categories: "statistical" and "functional”. The
former are purely descriptive statistics without any direct theoretical underpinning, while the lat-
ter are based on a formal theory and a precise theoretical interpretation. Here we present the
advantage of the true cost of living index compared to the Laspeyre (statistical) index. Going a
step further we show the advantage of using "dynamic" true cost of living index instead of using
a "static” one. Finally by using the DGLES model to construct a dynamic true cost of living in-
dex we introduce habit formation hypothesis and changes in relative prices into these indices.

1. Introduction

Index numbers, according to Frisch [2] are classified into two categories:
"statistical" index numbers and "functional" index numbers. The former are
purely descriptive statistics without any direct theoretical underpinning, while
the latter are based on a formal theory and a precise theoretical interpretation.

The official cost of living indices published by the National Statistical Insti-
tute in Greece (and in most other countries) belong to the first category.

The purpose of this paper is to present true cost of living indices derived
from specific expenditure systems and to compare these with the official (sta-
tistical) cost of living index published by the Greek Statistical Service.

* The author of this work is recognised by the International Biographical Centre at Cam-
bridge, England, as one of the Top 100 Leading Educators of the World for the year 2005.



2. The True Cost of Living Index

In other works [3-11] we have introduced the utility function as a guide to
the specification of complete sets of consumer demand functions. It is tempt-
ing to consider its implications for normative economics, that is, its use as a
guide to the construction of welfare indicators.

A comparison of welfare across two income-price situations should in prin-
ciple be based on the computation of the (maximum attainable) utility in the
two situations. That is to say, the indirect utility function would itself serve as a
welfare indicator. A variant of this takes real income as a welfare indicator:
The true cost of living index, constructed with one situation taken as a refer-
ence base, is used to deflate nominal income in the second situation, yielding a
real income measure, which is directly comparable with income in the refer-
ence situation.

This amounts to employing a monotonic transformation of the indirect util-
ity function, v=v(u), in which v*(y, p")=y" and v*(y!, p")=y'/(y*/"), where
the superscripts 0 and 1 denote the reference and second situation respectively,
and (y*/y°) is the true cost of living index.

The true cost of living index is defined by Pollak [17-19] as the ratio of the
minimum cost of attaining a reference indifference curve under comparison
prices to that of attaining it under base prices.

3. The True Cost of Living Index in the Linear Expenditure System
(LES)

The true index can be computed if one is willing to specify the utility func-
tion algebraicaly. An exact expression for this index may be found in using the
Klein-Rubin utility function(),

Since the Linear Expenditure System (LES) receives some support as a de-
scriptive model () we can compute the true cost of living index based on this
model.

Suppose that in an initial situation, period O, prices are pi’,....ps", and that
in a second situation, period 1, they are pi',...,pa!, for 1,.,,n commodities.

The true index in period 1 (relative to period 0) is
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where y” is income in the initial situation and y* is the income which affords
the same utility in the price situation of period 1, asy" did in the price situation
of period 0.

As a rule the utility function is unknown, so that this index is not opera-
tional. However, estimation of a specific expenditure system, like the LES,
provides estimates of the Klein-Rubin utility function which underlies it.

The indirect Klein-Rubin utility function in an initial income-price situation
with y',p’=( pi’,...,pa")" is of the form

0 _ 0

u’=u’(y",p") (2)
= Z[‘Silogﬁi + log(y" - ZP?\(I)— ZB. logp; .
i=1 i=1 i=1

If price changes to p'= (pi',...,pa!)" then the resulting change in utility as a
function of income is

Au=log(y'-p"y)-log(y’-p"y)-B (logp'-logp"), 3)

so that y*, the income required to maintain utility (obtained by setting Au=0)

stisfies

log[(y*-p"v)/(y™-p"V)]= Y. B:log(p} / p!). @)
i=1

Taking antilogs and then rearranging we have

v =p" v+ [T ! /p)" (5)
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The expression in curly brackets, y*/y'=C(1,0) say, is therefore the true

cost of living index, which may be written out as

C(1,0)=[1-]9(0)|] Z wi*(0)pi(1,0)+| m(o)|]‘[ [pi(1,0))" ©)
where
([J{(}) (VU p”’\{)f\; ('))

is the " supernumerary ratio" in the initial situation,

w (0)=p'y, pr”*g (i=1,...,n) (8)
i=1

are the "subsistence budget shares" in the initia situation, and

wi(0)=[1-@(0)| ]wi* (0)+ | @(0) | Bi ** (89)

is the average budget share w;(0)=¢;(0)/y(0) in initial situation, and

Pi(1,0)= pi'/p’ (i=1,...,n) )

are the relative prices, and H is the product operator denoting multiplication
i=1

over i=l,...,n. This result, due to Geary [12], is discussed in Goldberger and

Gamaletsos [13] and Phlips [16]. There it is compared with the conventional

Laspeyre price index

L(1,0)= Z w . (0)P,(1,0) (10)

It is shown that if the utility function is of the Klein-Rubin form, then
L(1,0) can be written as

L(1,0)=1- ]q:({})|]iw-i(())P‘(l.U) +|q:((})iiﬁif’l(1.(}). (11)



1

A comparison of (11) and (6) shows that L(1,0) differs from C(1,0) only in
that the second of its two terms is a weighted arithmetic, rather than geometric
mean of the relative prices. Since geometric means cannot exceed the corre-
sponding arithmetic means, this provides an example for the classical theorem
that the Laspeyre index constitutes an upper bound to the true index, i.e.

L(1,0)>C(1,0). (11a)

In contrast to Laspeyre index, the true index takes correct account of the
substitution effect. Equation (6) also illustrates one of the points made from
Frisch(’); The true index is a function (of initial income) rather than a scalar.
For consumers close to subsistence the first term on the right of equation (6)
dominates: heavy weight is given to changes in the prices of goods which have
high subsistence budget shares. For consumers far from subsistence the second
term on the right dominates: heavy weight is given to changes in the prices of
goods which have high marginal budget shares. The true cost of living index
may well differ between workers and millioners!(4)

4. The True Cost of Living Index in the Generalized Linear
Expenditure System (GLES)

Another specific expression for the true cost of living index may be found in
using the Gamaletsos utility function®), which is of the form

n

u=Y98,"%9q; -v,)° (12)

i=1

where O's, y's and p are parameters with

0<d;<1l (i=1,..,n), 0<p<1, X"_,6;=1, the function being defined only for
(qi-y;)=0 (i=1,...,n). The utility function (12) is therefore directly additive.
With 0<p<1, O<u; and (g;-y;)>0 all i, diminishing marginal utility prevails

for each commodity. The GLES model which results from maximizing u sub-

ject to the budget constraint y=2 Pidi

=

with y and p's given is the form

e = pyitdp} [, opil" (-, pvi) (i=L,..n) (12a)
=1 =1
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where t=p/(0-1). With 0<p<1 we have -ec<1<(.

We like to remind the main advantages of the GLES model compared to
the LES model: first, the Bi's, which are the "marginal budget shares" in the
GLES do depend on prices while in the LES model fi's are constant. This
means that in the GLES changes in the relative prices affects the fi's and so it
affects consumer choices. Second, in the GLES model the partial elasticity of
substitution ojj () between the commodities q; and g; is not equal to 1, as it is in

the LES model, but it is a parameter, which is between 0 and +c<. These
means that the GLES model can produce indifference curves of any shape in
spite of the LES model.

The indirect utility function of (12) is
=Y 8{"?B;pi'y - X vl
i=1 i=1 (13)
=(y - Y,pv;)° Y. 8EPRepTe
i=1

where
B.=8,p1/(X8:p7) (i=Li.n) (14)

and 1=0/(p-1). With 0<p<1 we have -e<<1<(), while with 1<p<e we have

1<t<ec. For p—0 this utility function becomes the Stone-Geary one, or for
1=0 the GLES becomes the LES model.

In an initial income-price situation with y%, p'=( pi%...,pn")" the indirect
utility function (13) becomes

u'=u (¢%p")= 0" - Xpiv,)t XA/ P (15)
i=1 i=1

Now if price changes to p'= (pil,....,pn!)" the change in utility is
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(16)
60 =3Pty [26?‘“(&2’ / p‘:)*‘}
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and because Au=0 we have
g oa i | XAFR@LIpl)
i:i - i:l (17)
y' =3Py | X8/ i)
i=1 i=1
Using equation
y -;Piv, (v -va )y y- o)
.T(1,0) (18)
o ¥’ \cp(U)\

yr| . Ep‘il\;’; yn _ Zp?yi
i=1 i=1

we obtain for the Generalized Linear Expenditure System (GLES) the true
cog of living index, which is of the form

e

oy 20 15
T(1,0)= [+(0) =l (19)
‘(p(l)‘ Zatil *v](Bil / pl )8

y' = Y piv y - 2pivs
where @(0)=——"—— and @(1)=——=—— are the supernumerary
Y y

ratios in an initial situation, period O, and in a second situation, period 1,
respectively.
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5. The True Cost of Living Index in the Dynamic Linear Expenditure
System (DLES)

The LES model, upon which is based the previous true cost of living index,
has been dynamized to take into account changes in tastes. It is worthwhile, |
think, to try to construct truly dynamic indices, such they are affected by taste
changes even if dl prices remain constant.

The "cardinal" index belongs to the class of "temporal” indices. In this tra-
ditiona "cardinal" viewpoint we compare incomes in two different periods as-
suming that Au=0

The Dynamic Linear Expenditure Sysem (DLES)

"

ew=piYi*+ ﬁi(yrz pityi™ )+ aipic1Qic-1- Bez AiPit-1it-1 (20

i=1 i=1
(i=1,...,n;t=1,...,T)

comes from the (static) Linear Expenditure System (LES)

n

anpn".’i‘i‘l"lif)"z pPitYi) (21)

i=]
(i=1,...,n;t=1,...,T)

by assuming that the "minimum required expenditures' p;y; are functions of
last period expenditures, that is

En=picYi=puYi* +0iCir1 (22)

where g, is the minimum required expenditure for commodity i, e;,; isthe last
period expenditure for commodity i and v and «;'s are parameters'”).

This dynamic specification of the LES model is based on a "habit formation
hypothesis* adjusted for the rate of inflation. If there is no "habit formation
hypothesis' then «;'s in equation (22) will dl be zero, so vi= yi* and &i==pi V..
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To see more explicitly how inflation affects habits we divide (22) by pii, which
becomes

it=1

- . p
Ba=Y:=Y;T (11{_)q.1—|
P (224)

3 1
=N ("'|(]__)Qn-|

where r;=p;/ pii.; IS the rate of inflation of i commodity.

Now if r=1 i.e. no inflation in i commaodity, then we have only habit forma-
tion hypothesis ). But if r is different than 1 which is the most usual case (and
usualy r>1) then an increase of inflation (of price) of the i commodity, i.e. an
increase of r it affects inversely the habit formation hypothesis.

In other words, as r increases the second terms on the right of the equation
(228) decreases. An increase of the price of i commodity it will make the con-
sumer to change habit, and instead of buying i commodity (which he used to
consume) he will buy a substitute of it, say ] commodity.

The indirect Klein-Rubin utility upon which is based the DLES model is of
the form

n

T Zﬁilog{(ﬁi [Py, — ipw} -itt;ei._,)}

i=1

= iﬁ.logﬁi - iﬁilogpn + IOg{Y1 - ipn\’:‘ - iuicu-w]
= =l _ = i1

(23)

(i=1,..n; t=1,..,T)"".

This utility function in an initid income-price situation with y!
p'=(pi',....pa!)" is of the form

n

u'= u'(y, p)=) Biloghi +log(y'-Y, pi'vi-Y, aipia’) -, Pilogp’. (24)
i-1 b= i=1

i=1

If price changes to p’=(p’....p.°")" then the resulting change in utility is
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Au=log(y’ - Y piy: - Y a.plqi)
1=1 i=1 (25)

—log(y' - X pivi - X a.piai) - Xplog(p} /p;)

Now the cardinal true index based on DLES model is equa to the ratio
y*/y', where y* is the income required to maintain utility unchanged.

Assuming Au=0 we obtain from (25) the equation
log[(y' ~ BBV~ Y a8 )~ X bl - Y el )=
i=1 i=1 i=1 i=1

=ZBi!0g(p? /p}).

(26)

Taking antilogs we have

(27)

y'- ip!Y} - iaw‘? =
=1 i=1

From the above equation (27) we obtain the eguation

Pi

i=1 i=1

2 B

y =@'-Ypivi- Za.-e])l_[(ﬁ) + Y pivi+ Y a.el
i=1 i=1 p=1 i =1 =1

J n 2 i iplly.l n 2, M
i Pi| _i= Pi| _
- i:][ [} Y] l:[l[p:]

| @)

1 1

Zn[p] e 21
S T i = ;
i=1
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The (dynamic) true cost of living index based on DLES modél is therefore
given by the form

‘. o DRI+ Y e
c@n=le'[Te%+ @ -fo')] = = (29)

n n

i=1 1, 0
ZpiYi + Zai(‘i
=1 1

where

y'—Zp!ﬂ(-i~Zaic': 2
(plz i=1 ] i=1 and Piz—l‘
y Pi

In static theory, as we proved before, the Laspeyre index is an upper bound
for the true index and biased upwards whenever all prices do not change pro-
portionaly.

In dynamic theory, however, a Laspeyre index loses much of its meaning,
and is no longer an upper bound of the true cost of living index.

6. The True Cost of Living Index in the Dynamic Generalized
Linear Expenditure System GLES

The GLES model, upon which is based the true cost of living index T(1,0), has
been dynamized, like the LES modédl, to take into account changes in tastes (19

The Dynamic Generalized Linear Expenditure Syslem (DGLEYS) is of the
form

e, =PuY, tBi(y, - zpﬂ'.i *Zaipim Qi)+ PG (30)
i=1 i=1

(i=1,...,n; t=1,...,T)

where y;*'s and o;'s are parameters and §3; is specified by equation (14). The dy-
namic form of this model is based on a habit formation hypothesis adjusted for
the rate of inflation, like in the DLES model.
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The indirect utility function upon which is based the (DGLES) model is of
the form

Q
—-Zb“ L’J[ﬁ p 2p1tY| 20'1 it— |j|

i=1 (31)
1 . n , n el B.
= (y, 'an"f" —Zaiei:q)LZbEI ](p_ .
i=1 i=1 i=1 i
In an initia income-price situation with y'.p'=(p:',....ps')" the above
equation becomes
n n n B| e
u=uhp)=0G" -2 pivi- Y acel) 262"“‘[%} : (32)
i=1 i=1 i=1 Pi
Now if price changes to p?=(pi2,....pa2)" the change in utility is
Au=[y2 - Y.pivi—2 e J Yol "]( ]
i=1 i=1 i=1 | (33)
—[y’ - 2PV —ZujC'] 2.5 ”’(—1}
. i=1 i=1 1
from which we obtain equation
n n @ 1
{y' - 2P - Do 25“ "’(—'.J
i=1 i=1 ‘I I (34)

Uﬁ

assuming that Au=0
Finally using equation
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[y'~ipf*ﬁ-itﬁ;e!]f’y° .
i= i= ; J .
= '[y—lzq“t-T @.1) (35)
[y' =¥ oir, - Zﬂ;fﬂ'}f}*'

i=1 i=l

we obtain for the DGLES model the (dynamic) true cost of living index, which
is of the form

n Iip

& Yo/ p})e
T (2,1):{ ] = (36)
PRGNS )
i=1
where
y' =Y plyi-Yael y2 =Y plyi - D ae;
{Pl Ah i=1 I i=1 and [pl e i=1 : i=1

¥ ¥

are the dynamic supernumerary ratios in an initial situation, period 1, and in a
second situation, period 2, respectively. For p—>0 the term in brackets on the
right of the equation (36), tends to 1. So equation (36) becomes
T*(Za 1 ):(p]f(p:(] 1)

7. Final Comments

The criterion which leads to the true cost of living index is taken from the
theory of consumer demand. Once we know the utility function, upon which is
based a complete demand system (like the LES and the GLES models), we can
construct true cost of living indices, as we presented.

However, the problem of these (LES and GLES) models is that they are
static. In these static models we do not take into account the phenomenon of
changing tastes. To do this is to dynamize the utility function rather than the
demand systems, as we did in this work.

A preliminary question is why we prefer to do this approach. The answer to
this question is that the maximization of a utility function (in a static or in a dy-
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namic form) will provide a complete system of demand equations, which will
have the property of being theoretically plausible. In other words, all "classi-
cal" restrictions will be automatically satisfied. If one starts to dynamize a com-
plete demand system (and not a utility function) then he has to impose these
restrictions. Even in a static world, this is a very difficult task. In a dynamic set-
ting, it seems hard to know how to proceed(12)

The advantage of the true cost of living index compared to the Laspeyre in-
dex is given previously. Going a step farther, we show the advantage of using
"dynamic" true cost of living index instead of using "static" true cost of living
index. This advantage is to take into account changes in consumer tastes. By
using DLES and better by using DGLES model, which are coming from a dy-
namic utility function, to construct a dynamic true cost of living index we intro-
duce habit formation hypothesis and changes in relative prices (inflation) into
these indices.

This means that even when there is no change in the general price in-
dex, when we have changes in consumer tastes (either by changes in habits
or/and by changes in relative prices) then we will have changes in "dynamic"
true cost of living index(!3)

Notes

(1) See Klein and Rubin [15], Geary [12], Goldberger and Gamaletsos [13,14]. Professor
L.R. Klein has a Nobel Prize in Economics 1980.

(2) See Stone [22,23] Nobel Prize in Economics 1984, Pollak and Wales [21], Phlips [16],
Gamaletsos [3].

(2a) As we see w;*(0) is positive and less than unity; also —(0) is positive and less than unity

when the domain of the LES is confined to points where (y-E pivi)20. When equality holds i.e.
i=1

when (0)=0 t Fw;=w;*; that is there no "supernumerary income" left to be allocated. As the

supernumerary ratio increases either by an increase in income or by a decrease in prices the con-

sumer allocates more of his income according to marginal (3;) rather than subsistence w;* bud-

get shares.

(3) R. Frisch has a Nobel Prize in Economics 1969.

(4) In other words, for poor people the Laspeyre index is the same with the true cost of living
index.
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(5) This utility function as well as the GLES model has been presented by the author of this
paper (with professor A.S. Goldberger) in the meetings of the Econometric Society at Washing-
ton D.C., in December 1967 and at Amsterdam in September 1968. This work contains the most
important part of the author's doctoral dissertation [3].

(6) The oj; is related to the parameter p or T by the form (Tu=(ﬁ)=t-| .Fore<>p>1 we
have 1<t<e and < gjj<e. In the LES model oj is equal to 1.

(7) For a different dynamic form of this model see Pollak [20] and Phlips [10]

(8) This is actually Pollak’ s dynamic specification of the LES model. See Pollak [20].

(9) The difference between u* and u* is that consumer preferences in u* are constant, while

in u* these preferences do changes if habits changes, and prices changes.
(10) See Gamaletsos [10,11]

(11)If we assume for example t Fy’=100, y'=99, Ep**=90 and Sp'y*=80, we have (y'-
Ep]'{")-——I(J, (yz- Epzy*)‘—-'l(} (assuming no changes in habits), then T*(2,1)= q}"a’(r:z=
(19/10) (100/99) = (1,9)x(1,01) =1,919 (assuming that p->0). In this example o yz,".\-'l=1,0] while
T*=1,919! So we should give an increase in income 1919 instead of 1,01 to keep consumers
even.

(12) A good example is to compare the "Rotterdam School" model or the "Almost Ideal De-
mand System" to the GLES model. The advantages of the GLES model compared to those two
models are given in my work [8].

(13) In this work purely econometric considerations have been avoided. I did this in purpose,
because I would like to pay attention to the advantages of using the dynamic cost of living index
based on the DLES or my DGLES model. It remains to the future researcher to estimate those
indices.
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